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Algorithm for What?
Input:

(1) Weak monadic second-order logic formula φ

• WMSO is �rst-order logic + quanti�ers over �nite subsets
• Example: ∀X(x ∈ X ∧ (∀z, v(z ∈ X ∧ E(z, v) → v ∈ X)) → y ∈ X)

(2) Inductive structure A

• Represented by equations, e.g. Tree = Tree + single node + Tree
• Examples:

⋯⋯⋯⋯

⋯ ⋯

⋯ ⋯ ⋯

⋯

⋯

Output: A ⊧ φ ?

But this has been done a long time ago! Main method: automata
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Automata

Automata are beautiful and everywhere

Running Automaton

Algorithm for WMSO using automata
• for each formula φ(X ,Y , ...) automaton reads χ(X), χ(Y), ...
• use closure properties to build automaton bottom-up
• test for emptiness or universality
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Motivation
Problems with automata

• In veri�cation: need to communicate with other solvers
• For data structures: logical interpretation can be costly
• Technical limitations: bottom-up

Our approach
• Based on pure formula manipulation
• Avoids costly interpretations (structure de�ned by equations)
• Very simple, costly computations on propositional level

Compared to Automata
• In general a similar method
• But explicit formulas and on the �y
• Some problems easier in this presentation (unbounding quanti�er)
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Inductive Structures — Intuition

●

●

● ●

●

● ●

⋮ ⋮ ⋮ ⋮

5 / 18



Inductive Structures — Intuition

●

●

● ●

●

● ●

⋮ ⋮ ⋮ ⋮

inf. bin. tree inf. bin. tree

�nite structure

5 / 18



Inductive Structures — Intuition

●

●

● ●

●

● ●

⋮ ⋮ ⋮ ⋮

inf. bin. tree inf. bin. tree

�nite structure

5 / 18



Structure Equations

System of structure equationsD over τ = {R1, . . . , Rℓ}:

D =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Λ1 = A1
1 ⊕ A1

2 ⊕ . . . ⊕ A1
k1 with f 11 , . . . , f 1ℓ

⋮ ⋮ ⋮
Λn = An

1 ⊕ An
2 ⊕ . . . ⊕ An

kn with f n1 , . . . , f nℓ

• each Ai
j is a �nite structure or a formal variable in Λ1, . . . , Λn

• each f ij is a function {1, . . . , ki}r j → {�, ⊺}

Solution ofD: S(D) = (A1, . . . ,An)
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Example: Binary Tree with Predicates

D =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ΛT = ΛL ⊕ ●R ⊕ ΛR

ΛL = ΛL ⊕ ●SL ⊕ ΛR f≺(i , j) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⊺ if i = 2
j ∈ {1, 3}

� otherwise
ΛR = ΛL ⊕ ●SR ⊕ ΛR

S1(D) ∶

●
R

●SL ● SR

●SL ● SR ●SL ● SR

⋮ ⋮ ⋮ ⋮
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Dm-Decomposition

D =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⋮ ⋮
Λm = Am

1 ⊕ . . . ⊕ Am
k

⋮ ⋮
S(D) = (A1, . . . ,An)

ADm-decomposition of φ is a sequence

(ψ1
1 , . . . ,ψ

1
k), . . . , (ψℓ

1 , . . . ,ψ
ℓ
k)

≡̂ ⋁
i
⋀
j

ψ i
j

such that
• Am ⊧ φ ⇐⇒ ∃i∀ j ∶ Am[ j] ⊧ ψ i

j

• FV(ψ i
j) ⊆ FV(φ)

• qr(ψ i
j) ≤ qr(φ)
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Computing a Decomposition

φ with FV(φ) ∈ {X1, . . . , Xr}

D =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⋮ ⋮ ⋮
Λm = Am

1 ⊕ . . . ⊕ Am
k1 with f m1 , . . . , f mℓ

⋮ ⋮ ⋮

ComputeDm-decomposition by
(1) “split” variables in φ into several ones implicitly ranging over the
components of the structure

(2) replace trivially true or false atoms and simplify (wrt. the restriction to
components and the functions de�ning relations across components)

(3) compute the TNF (type normal form) of the resulting formula and
transform it into DNF
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Step 1 — Splitting

D =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

⋮ ⋮
Λm = Am

1 ⊕ . . . ⊕ Am
k

⋮ ⋮

split(φ) is computed by transforming

∃Xψ ↦ ∃X1 . . . Xkψ[x ∈ X/
k
⋁
i=1

x ∈ X i] ∃xψ ↦
k
⋁
i=1
∃x iψ[x/x i]

∀Xψ ↦ ∀X1 . . . Xkψ[x ∈ X/
k
⋁
i=1

x ∈ X i] ∀xψ ↦
k
⋀
i=1
∀x iψ[x/x i]

Semantics: x i , X i are implicitly restricted to the domain of the i-th
component of the structure.
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Step 1 — Splitting (on the Binary Tree)

split(∃X∀x(x ∈ X → SLx ∧ ∀y(y ≺ x → (Ry ∨ SR y))))
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= ∃X1∃X2∃X3∀x1
⎛
⎜
⎝

3
⋁
i=1

x1 ∈ X i→ SLx1 ∧
⎛
⎜
⎝

∀y1(y1 ≺ x1 → (Ry1 ∨ SR y1))
∧ ∀y2(y2 ≺ x1 → (Ry2 ∨ SR y2))
∧ ∀y3(y3 ≺ x1 → (Ry3 ∨ SR y3))

⎞
⎟
⎠

⎞
⎟
⎠

∧ ∀x2
⎛
⎜
⎝

3
⋁
i=1
x2 ∈ X i→ SLx2 ∧

⎛
⎜
⎝

∀y1(y1 ≺ x2 → (Ry1 ∨ SR y1))
∧ ∀y2(y2 ≺ x2 → (Ry2 ∨ SR y2))
∧ ∀y3(y3 ≺ x2 → (Ry3 ∨ SR y3))

⎞
⎟
⎠

⎞
⎟
⎠

∧ ∀x3
⎛
⎜
⎝

3
⋁
i=1
x3 ∈ X i→ SLx3 ∧

⎛
⎜
⎝

∀y1(y1 ≺ x3 → (Ry1 ∨ SR y1))
∧ ∀y2(y2 ≺ x3 → (Ry2 ∨ SR y2))
∧ ∀y3(y3 ≺ x3 → (Ry3 ∨ SR y3))

⎞
⎟
⎠

⎞
⎟
⎠
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Step 2 — Reducing the Split Formula
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⎠

x j ∈ X i ≡ �
if i ≠ j
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for i ≠ j : yi ≺ x j ≡ f≺(i , j)
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Step 3 — Type Normal Form

Positive Boolean combination of formulas of the form

τ = Ri(x) ∣ ¬Ri(x) ∣ x ∈ X ∣ x ∉ X ∣
∃xB+(τ) ∣ ∃XB+(τ) ∣ ∀xB+(τ) ∣ ∀XB+(τ)

such that for each τi in the Boolean combination B+(τi), x ∈ FV(τi).

Example φ = ∃x(Px ∧ (Qy ∨ Rx))

≡ ∃x((Px ∧ Qy) ∨ (Px ∧ Rx))
≡ ∃x(Px ∧ Qy) ∨ ∃x(Px ∧ Rx)

TNF(φ) = (Qy ∧ ∃xPx) ∨ ∃x(Px ∧ Rx)
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Step 3 — Type Normal Form

Lemma
For each φ there exists an equivalent ψ in TNF such that

• qr(ψ) ≤ qr(φ)
• atoms(ψ) ⊆ atoms(φ).

Lemma
Let φ be in TNF, V1, . . . ,Vn a partition of the variables such that variables
appearing in the same atom are in the same Vi .
�en φ is a Boolean combination of formulas τ such that each τ contains only
atoms with variables from one of the sets Vi .

↝ TNF-conversion “sorts” subformulas according to the components
they speak about, and we obtain a DNF ⋁i ⋀ j ψ i

j.
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Model Checking Algorithm

Given: a WMSO sentence φ and D.
Problem: check whether Sm(D) ⊧ φ.

• Atomic sentences ⊺ and �: trivial
• Boolean combinations: evaluate subformulas
• ∃Xφ(X) or ∃xφ(x):
determine the winner of the game G∃(φ, i) between
the Veri�er and the Falsi�er

• ∀Xφ(X) or ∀xφ(x):
check ¬∃X¬φ(X) by determining the loser of G∃(¬φ, i)
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Game G∃(φ,m) for ∃Xφ(X)

∣φ,m∣

∣(ψ1
1 , . . . ,ψ1

k), S1,m∣ ⋯ ∣(ψr
1 , . . . ,ψr

k), Sr ,m∣

V V⋯

∣Am[1],ψr
1 , S∣ ⋯ ∣Am[k],ψr

k , S∣

F F⋯

terminal position
if Am[1] is a �nite
structure
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Unbounding Quanti�er

UXφ(X) ∶ “for all n ∈ N, ∃Xφ(X) with X �nite and ∣X∣ ≥ n”

• introduced by Bojańczyk in 2004
• WMSO+U proved to be decidable on trees only with very restricted
quanti�cation patterns

• general decidability results for WMSO+U only for words [B. 2009]

A modi�cation of the winning condition yields a game checking UXφ(X).
↝ Decidability of the WMSO+U theory of inductive structures.
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Implementation
Technical details

• We use MiniSat for CNF↔DNF conversions (following McMillan)
• Prototype implemented in OCaml (still to be improved)
• Try to simplify formulas at each step

Test cases
(1) Formulas of Presburger arithmetic
(representing binary numbers by �nite sets in (ω, <))

(2) arti�cially constructed Horn formulas of the form
φn ∶= ∃X∀x1 . . .∀xn

(x1 ∈ X → x2 ∈ X) ∧ . . . ∧ (xn−1 ∈ X → xn ∈ X)
Preliminary results

• Case (1) slower than Mona; Case (2) faster.
• Speed depends on simpli�cation strategy andmemoisation
• Future work: better use of dynamic programming
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Conclusion

Formula manipulations can simulate automata for WMSO

�ank You
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