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Motivation

LFP+C captures PTIME
• on ordered structures (Immerman, Vardi ’82)
• on planar graphs (Grohe ’98)
• on classes excluding a minor (Grohe ’10)

LFP+C

DgA(x,y) = ex u (R(x,u) and C(u,y))
DgB(x,y) = ex u (R(x,u) and C(y,u))
Row3(x,y,z) = R(x,y) and R(y,z)
Col3(x,y,z) = C(x,y) and C(y,z)
DgA3(x,y,z) = DgA(x,y) and DgA(y,z)
DgB3(x,y,z) = DgB(x,y) and DgB(y,z)

PTIME

int main() {
for (i=0; i<64; i++) {

a[i] = f(i);
}
return (0);

}

When does LFP+C programmingmake sense?
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Two Board Game Problems from AI

General Game Playing
• Input: game in Game Description Language (GDL)
GDL: a variant of Datalog for games (Genesereth, Love, ‘05)

• Goal: playing the game competitively a fewminutes later
• GGP Competition: yearly event in which GGP programs compete

Learning from Videos
• Goal: a robot watches a game and learns the rules
• Tic-Tac-Toe solved in (Barbu, Narayanaswamy, Siskind ’10)
• ILP for rule induction using Progol (Muggleton ’95)

Problem: hand-crafted state representation,what does it learn?
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Representing Game Boards

4/11



Representing Game Boards

4/11



Representing Game Boards

4/11



Representing Game Boards

W

4/11



Example Game: Gomoku (Connect–5)

B B

B B B B B B B B B

B B B B B B B B B

B B B B B B B B B

B B B B B B B B B

B B B B B B B B B

B B B B B B B B B

B B B B B B B B B

B B B B B B B BB

B B B B B BB B B

B BB

χ[∃x1 . . . x5( ⋀
1≤i≤5

G(xi) ∧ ( ⋀
1≤i≤5

R(xi , xi+1) ∨ ⋀
1≤i≤5

C(xi , xi+1)∨

⋀
1≤i≤5

∃y(R(xi , y) ∧ C(y, xi+1)) ∨ ⋀
1≤i≤5

∃y(R(xi , y) ∧ C(xi+1, y))))]
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First-Order Logic with Counting

Syntax

φ ∶= Ri(x1, . . . , xri) ∣ xi = xj ∣ ρ < ρ

∣ ¬φ ∣ φ∨ φ ∣ φ∧ φ ∣ ∃xi φ ∣ ∀xi φ

ρ ∶=
n
m

∣ ρ + ρ ∣ ρ ⋅ ρ ∣ χ[φ] ∣ ∑
x ∣φ

ρ

Semantics as expected, with
• χ[φ(x)] = 1 i� φ(x) holds
• ∑x∣φ ρ sums ρ(x) over x satisfying φ(x)

Example from Chess

∑
x ∣ bBeats(x)

1 + χ[w(x)] + 3 ⋅ χ[wK(x)]
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LearningWinning Conditions

Positive ExampleA Negative ExampleB

Findminimal φ such thatA ⊧ φ,B ⊧ ¬φ

Which Logic?
• Full FO, minimal quanti�er rank: PSPACE-complete (Pezzoli ’98)
• FOk, minimal quanti�er rank: PTIME (Grohe ’99)
• k = 16 and log(n) quanti�ers su�ce for . . . (Pikhurko, Verbitsky ’10)

Extensions
• Use them-step TCm operator (lower qr, nice formulas)
• Compute guarded formulas �rst (complexity)
• Shortest φwithminimal quanti�er rank? (at present: greedy removal)

Computed Formula: ∃ x (W(x) ∧ ∀ y¬C(x, y))
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Learning Moves

Example Input: a video of a sequence of Breakthrough moves

Derived Structure Rewriting Rules correspond directly to moves

Preconditions are derived from illegalmoves
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Learning Results (K., AAAI-12)

1 Wins 2 Wins Not Won Illegal Learning Time
Breakthrough 1 1 3 0 168 s
Connect4 4 4 13 4 164 s
Gomoku 4 4 9 0 57 s
PawnWhopping 1 1 4 6 980 s
Tic-Tac-Toe 4 4 17 0 36 s

Table: Number of videos needed for each game and learning time

See the videos and code at:
http://toss.sf.net/learn.html
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Deriving Position Evaluation Functions

Methods (K., Sta�niak, AAAI-11)
• Goal expansion and Type Normal Form
• Summing over conjuncts in existentially quanti�ed conjunctions
• Retain stable guards and include rule preconditions

Example: Tic-Tac-Toe without Diagonals

(P(x)∧P(y)∧P(z)∧R(x, y)∧R(y, z))∨(P(x)∧P(y)∧P(z)∧C(x, y)∧C(y, z))

↝

∑x∣P(x) ( 1
8+∑y∣P(y)∧R(x,y)( 1

4+∑z∣P(z)∧R(y,z) 1))+∑x∣P(x) ( 1
8+∑y∣P(y)∧C(x,y)( 1

4+∑z∣P(z)∧C(y,z) 1))

Results vs. Fluxplayer

(variable depth)Toss Wins Fluxplayer Wins Tie
Breakthrough 95% 5% 0%
Connect4 45% 20% 35%
Connect5 0% 0% 100%

PawnWhopping 60% 40% 0%

10/ 11



Deriving Position Evaluation Functions

Methods (K., Sta�niak, AAAI-11)
• Goal expansion and Type Normal Form
• Summing over conjuncts in existentially quanti�ed conjunctions
• Retain stable guards and include rule preconditions

Example: Tic-Tac-Toe without Diagonals

(P(x)∧P(y)∧P(z)∧R(x, y)∧R(y, z))∨(P(x)∧P(y)∧P(z)∧C(x, y)∧C(y, z))

↝

∑x∣P(x) ( 1
8+∑y∣P(y)∧R(x,y)( 1

4+∑z∣P(z)∧R(y,z) 1))+∑x∣P(x) ( 1
8+∑y∣P(y)∧C(x,y)( 1

4+∑z∣P(z)∧C(y,z) 1))

Results vs. Fluxplayer (fixed depth)Toss Wins Fluxplayer Wins Tie
Breakthrough 95% 5% 0%
Connect4 20% 75% 5%
Connect5 0% 0% 100%

PawnWhopping 50% 50% 0%

(variable depth)Toss Wins Fluxplayer Wins Tie
Breakthrough 95% 5% 0%
Connect4 45% 20% 35%
Connect5 0% 0% 100%

PawnWhopping 60% 40% 0%

10/ 11



Deriving Position Evaluation Functions

Methods (K., Sta�niak, AAAI-11)
• Goal expansion and Type Normal Form
• Summing over conjuncts in existentially quanti�ed conjunctions
• Retain stable guards and include rule preconditions

Example: Tic-Tac-Toe without Diagonals

(P(x)∧P(y)∧P(z)∧R(x, y)∧R(y, z))∨(P(x)∧P(y)∧P(z)∧C(x, y)∧C(y, z))

↝

∑x∣P(x) ( 1
8+∑y∣P(y)∧R(x,y)( 1

4+∑z∣P(z)∧R(y,z) 1))+∑x∣P(x) ( 1
8+∑y∣P(y)∧C(x,y)( 1

4+∑z∣P(z)∧C(y,z) 1))

Results vs. Fluxplayer (variable depth)Toss Wins Fluxplayer Wins Tie
Breakthrough 95% 5% 0%
Connect4 45% 20% 35%
Connect5 0% 0% 100%

PawnWhopping 60% 40% 0%

10/ 11



Programming in LFP+C?

Conclusions
• weaker logics can be useful
• learning can be in PTIME

Open Problems
• Fast FO solver

∃x, y, z(P(x) ∧ P(y) ∧ P(z) ∧ R(x, y) ∧ R(y, z))

↝
∃x (P(x) ∧ ∃y(R(x, y) ∧ P(y) ∧ ∃z(R(y, z) ∧ P(z))))

• How to distinguish structures e�ciently?
• Better logics to get nice formulas

www.toss.sf.net
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